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Abstract. We give the presentation of exceptional bounded symmetric do- 
mains using the Albert algebra and exceptional Jordan triple systems. 

The first chapter is devoted to Cayley-Graves algebras, the second to ex- 
ceptional Jordan triple systems. In the third chapter, we give a geometric 
description of the two exceptional bounded symmetric domains, their bound- 
aries and their compactifications. 
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Introduction 

The classification of irreducible bounded symmetric complex domains is well- 
known. They fall into four infinite series — the "classical domains" — which can 
be defined as matrix spaces, using ordinary matrix operations and classical linear 
groups, and two "exceptional" domains, of respective complex dimension 16 and 27, 
which have no matrix description (i.e., no description in a matrix space involving 
the usual matrix operations). 

The main purpose of these notes is to present an explicit algebraic and geomet- 
ric description of the two exceptional domains, which can no longer be considered 
as "unknown" , as well as some tools on them. 

Analysis and geometry of classical domains have been extensively studied, fol- 
lowing the pioneer work of Hua Luokeng [3] , which consists of a case- by-case study 
of the four classical series. A general theory for all bounded complex domains also 
exists, using either semi-simple Lie groups (see [1], [2j) or Jordan triple systems 
(see d], [7])- The study of one particular classical series still provides a good insight 
for conjecturing properties valid for all bounded symmetric domains. 

The explicit description of the exceptional domains, which was not known at 
the time of Hua's book, has been available for at least 30 years. The description 
involves 3x3 matrices with entries in the Cayley-Graves algebra Oc of complex 
octonions. As this algebra is non-associative, these matrices do not carry the usual 
interpretation of linear algebra theory and they do not build an associative matrix 
algebra for the usual matrix operations. However, the space 7^3 (Oc) of such matri- 
ces which are Hermitian with respect to Cayley conjugation can be endowed with 
the structure of a Jordan algebra, using a product which generalizes in a natural 
way the symmetrized product 

x°y^^{xy + yx) (0.1) 

of ordinary square matrices. This algebra is known as the Albert algebra or excep- 
tional Jordan algebra. It is the natural place to describe the exceptional symmetric 
domain of dimension 27. The second exceptional symmetric domain (of complex 
dimension 16) lives in the space A^2,i(C!'c) of 2 x 1 matrices with octonion en- 
tries. This space has some analogy with the space A4p,q{C) of ordinary rectangular 
matrices, endowed with the Jordan triple product 

{xyz} = xy* z -\- zy*x, (0-2) 

where y* denotes the Hermitian adjoint (transposed conjugate) of y. The space 
A^2,i(Oc) also carries the structure of a Jordan triple system, which allows an 
algebraico-geometric description of the exceptional domain of dimension 16. 

The Jordan algebra HaiOc) and the Jordan triple system A^2,i(Oc) are ex- 
ceptional not only because they are not part of an infinite series, but more fun- 
damentally because their algebraic products cannot be related to some associative 
product by formulas like (jO.ip or (|0.2p . But the explicit description of their al- 
gebraic structure, combined with the general theory of Jordan triple systems and 
bounded symmetric domains, provides easy access to the geometry and analysis on 
the two exceptional symmetric domains. After this preliminary work, it appears 
that exceptional domains are as easy (or not worse) to handle than classical ones. 
It also appears that these two domains are as representative as classical ones for 
exhibiting phenomena which lead to conjectures for all symmetric domains. 
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The first chapter of these notes is devoted to Cay ley-Graves algebras, the sec- 
ond to exceptional Jordan triple systems. In the third chapter, we give a geometric 
description of the two exceptional bounded symmetric domains, their boundaries 
and their compactifications. 

1. Cay ley algebras 

We denote by k the field R of real numbers or the field C of complex numbers. 
A k-algebra is a fc-vector space A, endowed with a fc-bilinear product 

{x,y) ^ xy 
AxA^A. 

This product is not assumed to be commutative nor associative. But we shall 
assume it has a unit element e ^ 0; this unit clement is also denoted by 1. 

1.1. Composition algebras. 

Definition 1 . A composition algebra ( or Hurwitz algebra ) over k is a pair 
(A, n), where A is a k-algebra and n a non-singular quadratic form on A, which is 
multiplicative in the sense that 

n{ab) ^ n{a)n{b) {a,b <E A). (1.1) 

The form n is called the norm of the composition algebra, and n{a) is called the 
norm of a. 

It is clear that n{e) — 1. We will identify k and fee using A i-^ Ae. The elements 
of ke are called the scalars of A. For each A S fc, we have n(Ae) = A^. 

li A = k, there is a unique composition algebra structure over the fc-vector 
space k, given by n{X) = A^. This justifies the above identification A i— > Ae in a 
general composition algebra. 

Denote by A° the opposite algebra of A (i.e., the same vector space with the 
opposite product x ■ y = yx); clearly {A°, n) is also a composition algebra, which is 
called the opposite composition algebra to {A,n). 

In a composition algebra {A,n), we denote by ( : ) the bilinear form associated 
to n : 

{a : b) ^ n{a + b) - n{a) - n{b) (a, fee A). (1.2) 

Note there is no ^ factor in this definition, which implies {a : a) — 2n{a). Then the 
relation (jl.ip can also be written 

2{ab : ab) = (a : a){b : b). 
Polarizing this identity with respect to the variable b yields 

[ac : ad) = n{a){c : d); (1-3) 
polarizing with respect to the variable a yields in the same way 

{ac:bc) ^ {a:b)n{c). (1.4) 
Polarizing again this last identity with respect to c, we obtain 

(ac : bd) + {ad : be) = (a : 6)(c : d). (1.5) 
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Specializing this identity to 6 ^ 1, c ^ a, and using (|1.3p . we obtain for all 

(a^ : d) + n{a){d : 1) = (a ; l)(a : d), 
which is equivalent to 

(a^ - (a : l)a + n{a)l : d) = 0. 
As n is assumed to be non-singular, this implies 

- (a : l)a + n(a)l = 0. 
Define the trace t{a) in a composition algebra by 

t{a)^{a:l). (1.6) 

We have proved that each element a in a composition algebra satisfies the equation 
of degree 2 

-t(a)a + n(a)l = 0. (1.7) 

1.2. Cayley conjugation. Let (A, n) be a composition algebra. The (Cayley) 
conjugate of an element a G ^ is defined by 

a — {a : e)e — a. (1-8) 

The Cayley conjugation a i-^ a is the orthogonal symmetry (with respect to the 
quadratic form n) which has ke as its fixed point set. Therefore it is involutive and 
isometric: 

{a)~ ~ a, n{a) = n{a). (1-9) 

The defining relation (|1.8|) can also be written a + a = t{a): the identity (|1.7p is 
then equivalent to —aa + n{a) = 0. So norm, trace and conjugation are related by 
the relations 

a + a — t(a), aa = aa = n{a) = n{a) . (1-10) 

We also have, polarizing n{a) — n{a), 

(a: 6) = (a: 6). (1.11) 

The relation (jl.Sp with 6^1 gives 

(ac : d) + {ad : c) — {{a : l)c : d); 

as (a : 1) = a + a, we obtain (ad : c) = (ac : d). The symmetric relation {da : c) = 
(ca : d) is proved in the same way. These two identities can be better written as 
follows: 

(ax : y) = (a; : ay), (1.12) 
{xa : y) = (x : ya). (1.13) 

Using these identities, we have {ab : 1) — {a : b) — {ba : 1), that is 

t{ab) = i(5a); (1.14) 

we will say that the trace is "commutative" (with respect to the product). Using 
again the identities p.l2p - p.l3p . we have 

t{{ab)c) = {ab :c) = {a: cb) = {ca : b) — t{{ca)b), 
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which means that t{{ab)c) is invariant under even permutations of (a,6, c). Using 
this fact and (I1.14p . we get 

t{{ab)c) ^ t{ica)b) = t{{bc)a) = t{a{bc)), 
that is, the trace is "associative" in the sense that 

t{{ab)c) ^t{a{bc)). (1.15) 
From prT^ ^ prr^ . we also have 

(ab : c) = (ab : c) = (ca : b) — (c : ba) 
for all c E A, which imphes 

{ab)~=ba. (1.16) 

This means that the Cayley conjugation a i— > a is an isomorphism from the com- 
position algebra {A,n) onto the opposite algebra {A°,n). 
Using (HIS]) and ([02]) . we get 

(a ■.b){c:d) = {b{ac) : d) + (d{bc) : d) 
for all d G A, which implies, as ( : ) is non-singular, 

{a:b)c = b{ac)+a{bc). (1.17) 
In the same way (or using the isomorphism with the opposite algebra), we have 

{a:b)c= {ca)b+ {cb)a. (1.18) 
Specializing these two relations to the case a — b, we get 

n(a)c = a{ac) = {ca)a. (1-19) 

The first equality can also be written (aa)c = a(ac); using the fact that a -t- a is 
scalar, this implies a^c — a{ac). One proves in the same way the identity {ca)a — 
ca} . So we have proved that the following identities: 

c?c = a{ac), {ca)a — cc? (1-20) 

are verified in a composition algebra. 

Definition 2. An algebra which satisfies the identities \1.20\) is called an al- 
ternative algebra. 

The property of being alternative will be referred to as alternativity. 

1.3. Alternative algebras. Let A be a fc-algebra. The commutator [x,y] 
and the associator [x, y, z] are respectively defined by 

[x,y] =xy- yx, 
[x,y,z] = x{yz) - {xy)z. 

These two multilinear maps provide an easy way for stating commutativity or as- 
sociativity of the algebra A: the algebra A is commutative if and only if the com- 
mutator is identically 0, it is associative if the associator map is 0. The associator 
is also useful for characterizing alternativity. 

Proposition 1.1. A k~algebra A is alternative if and only if the associator 
map {x,y,z) ^ [x,y,z] is alternating. 
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In fact, the identities (|1.20|) can be written equivalently 

[a, a, c] = 0, [c, a, a] — 0. 

They are obviously verified if the associator is alternating. 

Conversely, let A be alternative; then [x,y,z] is for x — y or y = z. This 
means that [x,y, z] is alternating with respect to {x,y) and with respect to (y, z). 
As the transpositions (12) and (23) generate the symmetric group S3, it follows 
that the associator is a trilinear alternating map. 

As a consequence, in an alternative algebra, we have 

[a, 6, a] = 0, 

which can also be written 

a{ba) = (ab)a. (1.21) 

An algebra satisfying (|1.2ip is called flexible. In such an algebra, we will simply 
write aba for a(ba) = {ab)a. In a composition algebra (A, n), as a + a is a scalar (a 
multiple of e), the identity (|1.2ip is equivalent to 

a{ba) = {ab)a. (1.22) 

In an alternative algebra, we have the important Moufang identities: 

Theorem 1.2 (Ruth Moufang). In an alternative algebra, the following iden- 
tities are true: 

a{x{ay)) ~ {axa)y, (1-23) 

{{xa)ya) = x{aya), (1.24) 

{ax){ya) ~ a{xy)a. (1-25) 

They are called respectively the left, right and central Moufang identity. 

Proof. From the definitions, we get 

a(x{ay)) — (axa)y — [a, x, ay] + [ax, a, y]; 

the right hand side is symmetric in {x,y), so it is enough to check that it vanishes 
for X = y. We have [a, x, ax] — [ax, a, x] by Proposition ll.il repeatedly using (|1.20p . 
we obtain 

[a, ax, x] = a{{ax)x) — (a(aa;))a; = ci^x^ — a^x'^ = 0. 

This proves the left identity (|1.23p . The right identity (|1.24p is proved in the same 
way; we also note that it is just the left identity in the opposite algebra, which is 
also alternative. 

We also get from the definitions and from alternativity 

{ax){ya) — a{xy)a = —[a, x, ya] + a[x, y, a] 

= [a,ya,x] + a[y,a,x] 

= a{y{ax)) - {{aya)x). 

The last expression vanishes by p.23p . so the central identity (|1.25p is proved. □ 

The following proposition allows us to characterize composition algebras among 
alternative algebras: 
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Proposition 1.3. Let A be an algebra with unit element e. Assume there is 
an involutive anti- automorphism a t—f a of A (with e — e) such that a + a and aa 
are scalars (multiples of e) for all a Cz A. Define n : A k by 

n(a) = aa. 

Then (A, n) is a composition algebra if and only if A is alternative and n is non- 
singular. In this case, the Cayley conjugation in {A, n) is a ^ a. 

Proof. Let a,b E A; then a + a — a, b + b = (3 with a, (3 E ke. We have then, 
using alternativity and the central Moufang identity, 

n{ab) = {ab) (ab)~ = {ab){ba) = {ab){{(3 - b){a ~ a)) 

= ab(3a — ab^a — aba(3 + ab^a 

= a(b{(3 — b)){a — a) = a{bb)a = n{b)aa 
= n{a)n{b). 

This shows that n is multiphcative; if n is non-singular, {A, n) is a composition 
algebra. The bilinear form associated to n is then (a : 6) — ab + ba, which shows 
that the trace is t{a) = {a : e) = a + a and that a is indeed the Cayley conjugate of 
a in {A, n). □ 

1.4. Cayley-Dickson extensions: analysis. We are going to describe the 
Cayley-Dickson extension process: start from the subalgebra = ke. This process 
allows one to construct successive subalgebras Ai, A2, A^, each time doubling the 
dimension (as vector space) and terminates at most on the third step. 

Let us first examine when a subalgebra i? of a composition algebra (A, n) is 
itself a composition algebra. 

Proposition 1.4. Let {A,n) and {B,n') be composition algebras with unit 
elements e,e'. If f : B A is an algebra homomorphism (with /e' — e) and f is 
injective, then f is a (partial) isometry: 

n{fx) = n'{x) {x G B). 

Proof. Let x e B and let y — fx. We have + t'{x)x + n'{x)e' — 0, which 
gives 

2/^ + t'{x)y + n'{x)e = 0; 

comparing with y^ + t{y)y + n{y)e ~ 0, we get 

{t{y)~t'{x))y+{n{y)-n'{x))e^O. 

If (y, e) is free, then n{y) = n'{x). If y = Ae, it follows from the injectivity of / 
that x = Ae', and then again n{y) = n'{x) = A^. □ 

Proposition 1 1 .41 shows that if (B, n') is a composition subalgebra of {A, n), the 
norm of B has to be the restriction of the norm of A. If {A, n) is a composition 
algebra and B is a subalgebra, then B is a composition subalgebra of {A, n) if and 
only if n\-g is non-singular, that is, if B fl B^ = 0. 

Proposition 1.5. Let {A,n) be a composition algebra and let B a composition 
subalgebra. Assume B ^ A. Let v G B^ be non-isotropic: n{v) = — /i 7^ 0. Then 

1) the vector subspace vB is orthogonal to B and the map : x i—>- vx is an 
isomorphism from B onto vB; 
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2) the suhalgehra C — {B,v) generated by B and v is (as a vector space) 
C ^B® vB; 

3) C is a composition subalgebra; 

4 ) the product in C = B ® vB is defined by 

(fli + vbi) (a2 + vb2) = aia2 + ^62^1 + v (a'162 + 02^1) ; (1-26) 
the norm and the Cayley conjugation are defined by 

n{a + vb) ^n{a) ~ fm{b), (1.27) 

{a + vb)~=a~vb. (1.28) 

Proof. As v _L _B, we have in particular (w : 1) = 0, which imphes v = —v 
and = ~n{v) ~ ^. For each 6 G _B, we have 

— (b : v) ^ bv + vb ^ bv ~ vb, 

which imphes 

vb = bv, {vb)~^-vb. (1.29) 
This proves (HISHl). 

Let a,be B; then (a : vb) ^ {ab : w) = 0. This shows B ±vB. As BnB^ = 0, 
we have B n vB = 0. The relation v(vx) = fxx proves that : x vx is an 
isomorphism from B onto vB. The relation (ll.27|) directly follows from B _L vB 
and n{v) = —fi. It shows that the restriction of ji to B (S vB is non-singular. It 
remains to prove the relations p.26p . which will imply that C — (B, v) — B (B vB 
and that C is a composition subalgebra. 

Using (ll.29p . the central Moufang identity and alternativity, we get 

ivbi){vb2) = {vbi){b2v) = v{bib2)v = ^^6261 = /x526i. 
Using the left Moufang identity and (ll.29p . we have 

v (ai (^62)) = (vaiv) b ~ (v^ai) 62 — A*ai&2 
and, multiplying by /i^^w, 

ai (W&2) = V (a'162) . 

Conjugating (after &2 &i and ai ^ 02), we obtain {biv)a2 ~ {bia2)v and, using 
again (fL29ll . 

(vbi) a2=v (0261) . 

□ 

1.5. Cayley-Dickson extensions: construction. Let (A, n) be a composi- 
tion algebra. Let A' = A x A. In view of Proposition [L5l we consider on the vector 
space A' the product defined by 

(fli, 6i)(a2, 62) = (0102 + A^&2&1, a'i&2 + a2&i) 

and the quadratic form n' defined by 

n'(a, b) — n{a) — fJ.n{b); 

we ask whether {A',n') is a composition algebra. In this case, it also follows from 
Proposition 11.51 that the conjugation in {A',n') will be given by 

(a,5)~== (a, -6). 
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With these definitions, A can be identified with the subalgebra A x oi A' , by 
a !—)■ (a, 0) ; the norm and conjugation in A' then extend those of A. If we set 
V = (0, e) , then v {b, 0) — (0, b) . So we can write A' = A® vA and the operation 
rules in A' are given by (|1.26|) . (|1.27p . (|1.28p . It is easily seen that the conjugation in 
A' is an involutive antiautoniorphism. Moreover, we have (a, b) + (a, b)~ — t{a) (e, 0) 
and (a, 6)(a,6)~= (a, 6)(a, — fo) = n'(a, 6) (e, 0). Also, the definition of n' shows 
that it is non-singular if /i 7^ 0. So all conditions of Proposition 11.31 are fulfilled by 
A' with the product (|1.26p and the conjugation p.28p . except alternativity. The 
answer to this last question is given by the following proposition. 

Proposition 1.6. Let {A,n) be a composition algebra. For fi ^ 0, denote by 
A{fi) the algebra 

A{^) = A®vA 

with the product 

(oi + vbi) (a2 + = 0102 + ^6261 + V (0162 + a2&i) ■ 

Then 

1 ) A{ijj) is commutative if and only if A = ke; 

2) A(fj,) is associative if and only if A is associative and commutative; 

3) is alternative if and only if A is associative. 

Proof. 1) The definition of the product in j4(/i) implies av = va for all a £ A. 
If A{fi) is commutative, we have va = va, which implies a — a and a d ke for all 
a € A. This shows A = ke. 

Conversely, the algebra fc(/i) with the product 

(fli + vbi) (02 + vb2) = aia2 + ^lblb2 + v (ai&2 + 02^1) 

is clearly commutative (and associative). 

2) If is associative, A is also associative. For a,b € A, it is easily checked 

that 

[a, 6, v] = v\a, 6]; 

so A{\i) associative implies A commutative. 

Conversely, assume A is associative; then routine computations using the defi- 
nitions show that, for x,y, z G A, one has 

[vx,y,z]=v{[y,z]x) , [x,vy, z] ^ v {[x, z]y) , [x,y,vz] = v {[x,y] z) , 

[x,vy,vz] = fi[x,zy], [vx,y,vz] = fi[y, zx] , [vx,vy,z]^^[z,yx], 

[vx, vy, vz] = ^v {[zy, x] + x [z, y]) . 

If moreover A is commutative, we see that A{ii) is associative. 

3) Let x,y £ A{ii). As a; -I- a; is a scalar, we have 

[x,x,y] = - [x,x,y] 

and 

[y,x,x]~^ - [y,x,x]~= [x,x,y] . 

This shows that A{fj,) is alternative if and only if [a;,5;, y] = for all x,y £ A{^). 
Now assume A is alternative and let x — xi + vx2, y — yi + yi', then 

[x,x,y] = -fj. [xi,y2,x^] + v [xl,yi,X2] , 
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which shows that ^(/i) is alternative if and only if ^is associative. □ 

Theorem 1.7. A composition algebra is (as a vector space) of dimension 1, 2, 
4 or 8. 

Proof. Let A be a composition algebra over k. Let = ke. If A ^ Aq, 
there exists vi _L e, with n{vi) = —fii ^ ; the composition subalgebra Ai — 
ke © kv\ is commutative and associative. If A ^ Ai, there exists V2 -L Ai, with 
"(^'2) — — M2 7^ ; the composition subalgebra A2 = Ai (B V2A1 is associative, 
but not commutative, of dimension 4. li A ^ A2, there exists W3 _L A2, with 
'^{vi) = — /i3 7^ ; the composition subalgebra Aj, — A2 ® V3A2 is alternative (as 
A2 is associative), but not associative (as A2 is not commutative), of dimension 8. 
Then A — A3, as A3 is not associative. □ 

1.6. Classification of composition algebras over K or C. We consider 
the composition algebras 

k, k{fii), A:(Aii, M2) = (^(/^i)) (^^2), A:(pii, /i2, Ms) = (^(^1,^2)) (ms), 

for non-zero /ii,M2,M3 G ^- It follows from the proof of Theorem 11.71 that each 
composition algebra is isomorphic to one of these for a suitable choice of /ii, /i2, M3. 
We want to make this statement more precise. First, we show that, if the norms 
of two composition algebras are linearly equivalent, these composition algebras are 
isomorphic. 

Proposition 1.8. Let {A,n) and {A',n') be composition algebras. Then A and 
A' are isomorphic (as unital algebras) if and only there exists a linear isomorphism 
f : A —> A' such that n' o f = n. 

Proof. By Proposition ll.41 an isomorphism of composition algebras preserves 
norms. 

Assume there exists a linear isomorphism f : A A' such that n' o f — n. 
Let B,B' be proper composition subalgebras of A, A' respectively, such that there 
exists an algebra isomorphism g : B B'; then n' o g = n\g by Proposition 11.41 
By Witt's theorem, g can be extended to a vector space isomorphism h : A ^ A' 
such that n' o h = n. Let v e B^ such that n{v) = — /i ^ 0; take v' — h{v), which 
implies v' £ B'^ and n'{v') = n{v) = —fi. Let 

g: B®vB ^ B' ® v'B' 

be defined by 

g{a + vb) = g{a) + v'g{b). 

By Proposition 11.51 g is then an algebra isomorphism between the composition 
subalgebras B © vB and B' © v' B' . Starting from the trivial isomorphism go : ke ^ 
ke' and iterating this process at most three times, we get an algebra isomorphism 
from A onto A' . □ 

Assume that the ground field is A; = C. In each dimension, there is only one 
non-singular quadratic form, up to linear equivalence. So Proposition 1 1 . 81 implies : 

Theorem 1.9. On fc — C, there exist, up to isomorphism, exactly four compo- 
sition algebras Aj (0 < j < 3), of respective dimension 2^ . 
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Assume now that the ground field is fc = K. In this case, non-singular quadratic 
forms arc classified, up to linear equivalence, by their signature. The signature for 
Aq = R is (1,0). Let us show that for other composition algebras over R, the 
signature needs to be (2a, 0) or (a, a). If {B,n) is a composition algebra, we know 
that the norm of the Caylcy-Dickson extension B(/u) is given by n'{a + vb) = 
n{a) — iin{b). The signature of n' is 

• (2a, 0) if the signature of n is (a, 0) and yU < 0; 

• (a, a) if the signature of n is (a, 0) and > 0; 

• (26, 26) if the signature of n is (6, 6). 

The assumption on the signature can then be proved by induction. 

Theorem 1.10. On = M, there exist, up to isomorphism, seven composition 
algebras: 

the "compact" algebras A'j {0 < j < 3) of dimension 2^ , with positive- definite 
norm; 

the "split" algebras Aj (1 < j < 3) of dimension 2^ and signature (2^^^ ,2^~^^ . 

When fc = C, a model for the composition algebra of dimension 4 is ^2 — 
A^2,2(C) (2x2 complex matrices), with the determinant as norm; a model for Ai is 
the subalgebra of diagonal 2x2 complex matrices. The non-associative composition 
algebra A3 is called the complex Cayley algebra or the algebra of complex octonions. 
It can be constructed, for example, as A2 (—1); but this is in most cases irrelevant 
and it will be more important to know that this composition algebra of dimension 
8 exists and is unique up to isomorphism. The algebra A3 will be denoted by Oc. 

In the case fc = M, models for the compact composition algebras of dimension 
2 and 4 arc respectively A'^ = C (with norm n{z) = \zf) and A2 = H (the field of 
quaternions); which can be described as 

H={,= (j -');a,6.c}, 

with norm n{q) = aa + bb. The compact non-associative real composition algebra 
^3" is known as the algebra of Cayley numbers, the algebra of octonions or the 
Cayley real division algebra. It will be denoted by O or Oc; it can be constructed 
as EI(— 1). Again the most important point is that O is a real composition algebra 
of dimension 8 with positive norm, and is unique up to isomorphism. 

The split composition algebras and A2 are respectively isomorphic to the 
algebra of diagonal 2x2 real matrices and to the algebra A^2,2(1R) of 2 x 2 real 
matrices, with the determinant as norm. The algebra ^3 can be constructed as 
M(l, 1, 1); the signature of its norm is (4,4). It is denoted by Og and called the 
split Cayley algebra. 

The real composition algebras can be complexified in a natural way. The com- 
plcxification is then isomorphic to the complex composition algebra of the corre- 
sponding dimension. 

2. Exceptional Jordan triple systems 

2.1. The space i?3(0). In this section, O denotes a Cayley algebra over fc = R 
or C. 
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Definition 3. The space H^IO) is the k-vector space (with the natural opera- 
tions) o/ 3 X 3 matrices with entries in O, which are Hermitian with respect to the 
Cayley conjugation in O. 

An element a G -ff3(0) will be written 

^ai as 02 \ 

03 "2 ai , (2.1) 
^02 oi as/ 

with ai, a2, ^ k and ai, a2, 03 G O. Instead of (|2.ip . we will also write 
3 3 

« = + (2.2) 

with the obvious definitions for Cj and Fj{aj). The vector space Hs{0) decomposes 
into the direct sum 

HsiO) = kei ® ke2 ® fceg © J^i © J^2 © ^3, (2.3) 

where J-j ~ {Fj(a) \ a G O}. The subspaces are 8-dimensional and 

dimfei?3(0) = 27. 

On Hs{0), define a bilinear form by 

3 3 

{a:b) = Y,a,P,+Y,iar-bj) (2.4) 

for 

3 3 
3 3 

in (|2.4p . (flj : bj) denotes the scalar product in O. The form defined by (|2.4[) is 
clearly non-singular and the decomposition (|2.3p is orthogonal with respect to it. 
We will refer to (a : 6) as the scalar product of a and b in Hs{0). 

Definition 4. The adjoint a'^ of an element a G Hs(0), written in the form 
112. S^) . is defined by 



a* 



= E ('^i"*-- ~ e» + E {ajo-k " aiOj) . (2.5) 



In (|2.5p and below, means Xli=i s-'^d j, fc are defined by {i,j, k) being an 
even permutation of (1,2,3); Fi[c) stands for Fi{c). 

Definition 5. The symmetric bilinear map, associated to the quadratic map 
a t-* a'^ , is called the Freudenthal product. The Freudenthal product of a,b G 
H3{0) is denoted a x b and is defined by 

a X b = {a + b)* — — 6^, ax 2a*, 
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It follows directly from the definitions that 
a X 6 = ^ {ajf3k + ^kPj - (^i : h)) 

i 

+ ^ Fi{ajbk + bjCk - aibi - Aa,). (2.6) 

i 

The following multiplication rules hold: 

^ — 0) X Cj = Cfe, 

ei X Fi{b) = -Fi{b), eiXFj{b) = 0, (2.7) 
Fi{a) X Fi{b) = -{a : b)ei, Fi{a) x Fj{b) = K{ab), 
where k) always stands for an even permutation of (1, 2, 3). 
Proposition 2.1. 

{axb:c) = {a:bxc) (a, 6, c G i?3(0)). (2.8) 
Proof. For 

3 3 3 3 

i=i i=i j=i j=i 

3 3 

i=i i=i 
by applying the definitions wc obtain 

(a X 6 : c) = ^ (aj/3fc + akPj - (a^ : &»)) 7i 

+ ^ (ttj^fe + bjttk - aibi - /3iai : Ci^ 

i 

= X oii(3j^k+ t{ai,bj,Ck) 
(iJ,fe)eS3 (iJ,fc)eS3 

i 

(Recall that t{x,y,z) = t{{xy)z) = {xy : z) for x,y,z G O). This shows that 
(a X 6 : c) is symmetric with respect to (a, 6, c). □ 

Definition 6. LetT denote the trilinear symmetric form on -ff3(0) defined by 
T{a, b,c) = {a X b : c) . 
The determinant in H3{0) is the associated polynomial of degree 3, defined by 

deto = ^T{a,a,a) = ^{a* : a). (2.9) 
3. 3 

From the expression of (a x 6 : c) , we deduce 

det a = a\aiOL-i — ain{ai) + 01(0203) + (0302)01. (2.10) 

i 

This relation may also be taken as a definition of dot o. It is an extension of the 
classical "Sarrus' rule" for 3 x 3 matrices, but with suitable parentheses in products 
like 01(0203), due to the non-associativity of the Cayley algebra. 
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Proposition 2.2. 

(a*)* = {det a)a. (2.11) 
Proof. Let 

3 3 3 3 

j=i i=i i=i i=i 

i=i j=i 

From the definition (|2.5|) and the properties of Cayley algebras, we get 

li = P]Pk - n{bi) 

= [akOii - n{ajj) {a^aj - n{ak)) -~ n {ajak - aiCii) 

— afajak — onOijn(aj) — aiakn{ak) + n{aj)n{ak) 
- n {ajak) - a1n{aj) + ai {ajak : at) 

— ai det a 

(using namely n{aj)n{ak) = n(ajak)) and 

Ci = hkbj - Pibi 

= (aiflj - afcOfc) (flfefli - ajO^) - {ajak - n{ai)) {aj^aj - a^ai) 
= {aiaj){akai) - akn{ak)ai - ajn{aj)ai + n{ai)a^aj 

+ aia^akai - ain{ai)ai 
= (det a) ai 
(here we used the central Moufang identity 

{aiaj){akai) = {ai{ajak)) ai 
and n{ai)aka-j = {(a^aj)ai) ai). □ 
Proposition 2.3. The following identities hold in H3{0): 

det(a#) = (deta)^; (2.12) 
d(deta).6 = (a# : 6) ; (2.13) 
a* X {a X b) ^ {det a)b + {a* : b) a; (2.14) 
{axb:a*xc) = (deta)(6 : c) + {a* : b) {a : c); (2.15) 
a X {a* X c) = (det a)c+ (a : c)a*; (2-16) 
{a X b) X {a X c) + a* X {b X c) = 

= {a* ■.b)c+ {a* : c) 6 + T{a, b, c)a; (2.17) 
a X ((a X 6) X c) + X (a'^ x c) = 

= (a# : 6) c + (& : c)a# + (a : c)a x &; (2.18) 
a* xb* + {ax b)* = {a* ■.b)b+ {b* : a) a; (2.19) 
{axb* :a* xb) =3 det a det & + (a : b) {a* : b*) . (2.20) 
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Proof. We have 

det{a*) = i (a# : (a*)*) = \{a* : deta a) = {det af . 
By differentiating the relation det a = ^T{a, a, a), we get 
d(det a).b = ^T{a, a, b) = {a* : b) . 

We obtain (|2.14p and (|2.17p by successive differentiations of (|2.1ip . The identity 
(|2.15p is obtained from (|2.14p by taking the scalar product with c and using (|2.8p . 
Using (|2.8p again and the fact that ( : ) is non-singular, we deduce (|2.16p from 
^J^. The relation ((TT5)) is obtained by differentiating ^JE\i . The relation ([^1^ 
is ((2T7)) with b = c, and the identity ((2^ is ((27T5)) with b = c* . □ 

2.2. The Hermitian Jordan triple system H^{G)). For the definition and 
general properties of Jordan triple systems, we refer the reader to @], [5], [7]- 

Let Oc be the compact Cayley algebra over M, with norm n and Euclidean 
associated scalar product ( : ). We consider the complex Cayley algebra O as the 
complexification of Oc: O = CCSrOc; the product, the Cayley conjugation and the 
norm on O are defined as the natural extensions of those on Oc: {a ® a){(3 ® b) = 

al3®ab, {a®a) = a®a and n{a ®a) = a^n(a) (a, (3 & C, a,b & Oc). In addition, 
the algebra O has a complex conjugation with respect to its "real form" Oc, defined 

by 

(a a) = a (g) a (a £ C, a e Oc); 

this conjugation is antilinear and satisfies ab = ab, in contrast with the Cayley 
conjugation which is complex linear and satisfies ab = ba. 

The space H^^O), with the operations defined in the previous section, is then 
the complexification of the space i?3(Oc) with the same operations. If 
3 3 
a = Y.a,e, + Y,F,ia,) e H,{0), 

its complex conjugate with respect to H3{Oc) is defined by 

3 3 

^ = +H^J(^)■ 
Clearly we have 

IT^ — a#, a X b = a X b, deta = deta. 
On O and i/3(0), we define the Hermitian scalar product 

(a I &) = (a : 6). 

Definition 7. The triple product {xyz} on H^{0), and the related operators 
Q and D, are defined by 

Q{x)y ^ {x \ y)x - X* xy, (2.21) 

D{x, y)z = {xyz} — {x \ y)z + {z \ y)x — {x x z) xy. (2.22) 

Proposition 2.4. With this triple product, H^{<Q)) is a Hermitian Jordan triple 
system. 
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Proof. The triple product defined by ()2.22|) is clearly C-bilinear symmetric 
in {x, z) and antilinear in y. We are going to prove that it satisfies the defining 
identities (Jl) and (J2) of a Jordan triple system. 

Let us prove 

D{x,y)Q{x)^Q{x)D{y,x). (Jl) 

We have 

D{x, y)Q{x)u = (x I y)Q{x)u + {Q{x)u \ y)x - (a; x Q{x)u) x y 

— {x I y){{x I u)x — x"^ X u) + {{x I u)x — x"^ X u I y)x 

— {x X ({x I u)x — x"^ X u)) X y 

— 2{x I y){x I u)x — {x I y)x'^ x u — {x"^ \ y x u)x 

— 2{x I X y + (x X [x"^ X u)) x y; 
using (|2.16p : x x {x"^ x It) = (det x)u + (x | u)x'^, we get 

L'(a;, y)Q{x)u — 2{x \ y){x \ u)x — (x \ y)x'^ x tt — (x | u)x'^ x y 

— {x"^ I y X u)x + (detx)y x u. 

In the same way, 

Q{x)D{y, x)u — {x I D{y, x)u)x ~ x"^ x D{y, x)u 

= [x \ {y \ x)u + [u I x)y — {y x u) x x)x 

— x"^ X (^[x I y)u + {x I u)y ~ {y X u) X x^ 

= 2(x I ?/)(x I u)x — 2{x'^ I y x u)x — {x \ y)x'^ x u 

— {x I u)x* X 17 + X* X ^x X (j/ X u)^ ; 

using (|2.14p : x# x ^x x (y x u)j = detx {y x u) + (x* \ y x u)x, we get 

Q{x)D{y,x)u = D{x,y)Q{x)u. 

This proves (Jl). 

Let us now prove 

D{Q{x)y,y)=Dix,Qiy)x). (J2) 

We have 

D{Qix)y, y)z = {Q{x)y \ y)z + (z | y)Q{x)y - {Q{x)y x z)xy 

= {{x \ y)x ~ X* xy\ y)z + {z \ y) {{x \ y)x ~ x* xy) 

— ((x I y)x — x"^ xy)xz)xy 

= I yfz - 2(x^ I y*)z + [z \ y){x \ y)x - {z \ y)x* x y 

— {x \ y) {x X z) xy + {{x* xy)xz)xy 

and 



D{x,Q{y)x)z (x I Q{y)x)z + [z \ Q(y)x)x - {x x z) x Q{y)x 

= (x I (y I x)y — y"^ X x)z + {z \ {y \ x)y ~ y"^ x x)x 
- (x X z) X ((x I y)y -y*xx) 
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= {x I y)^z — 2{x'^ I y'^)z + {z \ y){x \ y)x — (z x x | y'^)x 
— (x I y) (a; X z) X y + (a; X z) X x x). 

Applying (|2.17p gives 

(xx z) X {xxy'^)+x'^ X (y^ x z) = (x"^ | y'^)z+{x'^ \ z)y'^ + {zxx \ y*)x] 
applying (|2.18p yields 

((a:* xy)xz) xy + x"^ x {y'^ x z) = {x'^ \ y'^)z + (x* | z)y'^ + (z | x y. 

Comparing these two last identities gives 

{x X z) X {x X y^) — (z X a; I y'^)x = ((x'^ x y) x z) x y — (z | y)x"^ x y, 
which implies D(Q{x)y,y)z — D{x,Q{y)x)z and proves (J2). □ 

The space iy3(0) endowed with the triple product defined by p.22p will be 
referred to as the Hermitian Jordan triple system H3 (O) , or the Hermitian JTS of 
type VI, or the exceptional Hermitian JTS of dimension 27. 

The real subspace ff3(Oc), which is clearly a real Jordan triple subsystem, and a 
"real form" of H^iO) in the sense that the triple product in i?3(0) is obtained from 
the product in (Oc) by suitable "complexification" , will be called the Euclidean 
JTS H^lOc), or the Euclidean JTS of type VI, or the exceptional compact JTS of 
dimension 27. 

2.3. The minimal polynomial of iJ3(0). In this section, we compute the 
generic minimal polynomial and the rank of the Jordan triple system H^{0) (see 
for the general theory of these notions in a JTS). Recall that the powers x'^^'^^ 
in a Hermitian Jordan triple system V are defined for x,y ^ V and fc e N, fc > 

by 

= X, 

^ik+hv) ^ lD{x,y)x^^^y\ 
and the odd powers a;(^'^+^' of x G F, for fc G N, by 

A tripotent element in H'^[0) is an element x such that x^'^^ = x. 

Lemma 2.5. Let x, y e i?3(0). Then 

x*-^'^-* = \D{x, y)x — (x I y)x — x^ x y, 

il?(x, y) (x# X y) = {x* \ y*)x - det x y#, (2.23) 

ii^(x,y)y# = dety X. (2.24) 

The subspace ^ij" Cx*-*^'^-* is contained in the subspace generated by (x,x'^ x y,y'^); 
the flat subspace generated by x: 

00 

«x»= VCx(2fe+i) 



is contained in the subspace generated by (x,x'*^ x x,x'^^ 



18 



GUY ROOS 



Proof. The relation for x'^'^' is nothing but the defining relation. From ()2.22p 
and (|2.16|) . we have 

D{x, y) [x* X y) = (x I y)x'^ xy+ {x* x y \ y)x — {x x [x* xy))xy 

— {x I y)x'^ xy + 2{x'^ \ y'^)x — ((det x)y + {x \ y)x'^) x y 

— 2{x* I y'^)x — 2detx y* , 
that is, (|2.23p . Using (|2.16p again, we get 

D{x, y)y* = {x \ y)y* + {y* \ y)x - {x xy*) xy 

= {x I + 3dcty X — dety x — {x \ yYif^ 
= 2 det y x, 

that is, (E^. □ 

Proposition 2.6. The generic minimal polynomial of the Jordan triple system 
HaiO) is 

m{T,x,y) = - (x I y)T^ + {x* \ y#)T - det x dety; (2.25) 

the rank of Hj,{0) is 3. 

Proof. The lemma shows that the JTS Hz{0) has rank < 3. It is now a 
matter of elementary algebra to compute a linear relation between 
x^^'f). From ((2:231) . (EM]), we deduce 

^(3,y) ^ 1 £1(2,^ y)x(2'a) ^ (a; I y)x(^-.y) - {x* \ y*)x + det x y* , 

2,(4,y) ^ lD{x,y)x^^-y'^ = (x I y)x(3^?^) - (x# | y#)x(2'a) + det x det y x. 

This shows that for aU x,y G V = ^3(0), the minimal polynomial of x in 
divides 

- (x I y)T2 + [x* I y#)r- det X dety, (2.26) 

and so does the generic minimal polynomial. In order to prove that this is actually 
the generic minimal polynomial, we take 

X = y = aici + Q!2e2 + 0363 

with ai > Q!2 > as > 0. As it is easily checked, (61,62,63) is a set of orthogonal 
tripotents (i.e. D{ei,ei)ej = 26ijej) and the minimal polynomial of x in IS 
(T — ai)(T — a|)(r — a§). This shows that the generic minimal polynomial has to 
be of degree 3 and is equal to (|2.26|) . □ 

2.4. Positivity; tripotents. The next proposition implies that H3{0) is a 
positive Hermitian Jordan triple system. 

Proposition 2.7. Let x e H3{0), x ^ 0. Then x^^^ — Ax if and only if one 
of the following occurs: 

(1) (x I x) = A, X* = 0; 

(2) (cc I x) = 2A, {x* I X*) = A^, detx = 0,- 

(3) (x I x) = 3A, (x* I X*) = 3A2, |detx|^ = A^. 
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Proof. By definition x^'^^ = (a; | x)x — x x, so the relation x'^^^ = Xx is 
equivalent to 

{{x\x)-X)x==:x* XX. (2.27) 

As Ca;^^*^"^^ is contained in the subspace generated by [x.x"^ x the 
relation (|2.27|) holds if and only if both sides have the same Hermitian products 
with X, x"^ X X, x"^ . This provides the conditions 

iix\x)-X)ix\x)=2{x*\x*), (2.28) 

2 {{x \ x) ~ X) (x* I X*) — {x* xx \ X* xx) 

= 3|deta;|V(x | x){x* \ x*), 

(using (11201)), that is, 

{{x I a;) - 2A) {x* \x*)^i |det x\^ (2.29) 
and finally, using 

2(a;'^ X X : x*) = A{x : {x*)*) = A{x \ x) detx, 

we get 

3 ((x I x) — A) det X — 2{x \ x) det x, 

that is, 

((x I x) -3A)detx = 0. (2.30) 

If X 7^ 0, x# 0, then (|2?29| . ((OOl) are satisfied and ((2?28)) is equivalent to 
(x I x) = A. 

If x^^ ^ but dot X = 0, then (|2.30p is satisfied. Condition (|2.29p is equivalent 
to (x I x) = 2 A and (|2.28p is then equivalent to (x'^ | x"*^) = A^. 

If det X ^ 0, (p:^ is equivalent to (x | x) = 3 A; (P?^ provides (x# | x#) = iX^ 
and (IMHl) gives |detx|^ = A^. □ 

As an immediate consequence, we have 

Proposition 2.8. The set £ of tripotents of H3{0) is the disjoint union £ = 
£o U £i U £2 U £3, where £0 = {0}, 

= {x I (x I x) = 1, x# = 0} , (2.31) 

£"2 = {x I (x I x) = 2, {x* I X*) = 1, detx = 0} , (2.32) 

£•3 = |x I (x I x) = 3, {x* I X*) = 3, |detx|^ = l| . (2.33) 

Lemma 2.9. Let x,y G H^IO) be two orthogonal tripotents. Then (x | y) = 0. 
Proof. Let x, y be two tripotents. They are orthogonal if and only if D{x,y) ~ 

0. 

From (|2.24p : D{x,y)y'^ — 2 defy x, we deduce that x = or dety = 0. So if 
y G £3, then x = 0. Let det y = 0; from ((2:23)) : 

^D{x, y) (x'^ X y) = (x'^ | y'^)x — det x y"^ , 

we then deduce 

1 {D{x,y) {x* xy)\y) ^ (x# | y#)(x | y) - 3detx dety. 
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which impUes [x"^ \ y'^){x \ y) = 0. Also, 

= x^^'^) — ^D{x, y)x = (x I y)x - x* xy, 
which imphcs (a; | y)x = x'^ x y and {x \ j/)^ — 2{x'^ \ y"^); hence 

{x I yf = 2ix* I y*)ix \ y) = 0. 

□ 

It follows from Lemma 12.91 that if x £ and y £ £j are orthogonal tripotents, 
then their sum x + y, which is also a tripotent, belongs to Si+j. In particular, 
elements of £i are minimal tripotents and elements of £3 are maximal tripotents. 
The elements of £3 have the following simple characterization: 

Proposition 2.10. An element x e iJ3(0) is in £3 if and only if x and 

x^detxx*. (2.34) 

Proof. If x G £3, then 2x = x* x x, which implies 

4x'^ = X X (x"^ X x) = det x x + (a; | a;)x^ . 

Hence x"^ — detx x (as (x | x) = 3) and detx x"^ = x (as |detx|^ = 1). 

Conversely, let x 0, x = det x x"^; this implies det x 0. Then x# x x = x^ x 
(detx x'^) = 2 |detx|^ x. This means that x''^) — Ax, with A = (x | x) — 2 |detx|^. 
By Proposition 1 2. 71 we have |detx|^ = A'^ and (x | x) = 3A, which implies (x | x) = 
3 |det x| and A = A"^ > 0; hence A = 1 and x G £3. □ 

For a tripotent x in a positive Hermitian JTS V, the operator D{x,x) is self- 
adjoint and its eigenvalues are in {0, 1, 2}. The Peirce decomposition relative to x 
is 

V = V2ix)(BViix)(SVo{x), 

where the Peirce subspaces Vj{x) are the eigenspaces of D{x,x): 

Vj (x) = {yeV\ D{x, x)y = jy} , j = 0, 1, 2. 

Proposition 2.11. For x e £3, the Peirce subspaces are Vo{x) = Vi(x) = 0, 
V2{x) = V = H3{0). 

Proof. It suffices to prove that for each y e _ff3(0), one has D{x,x)y = 2y. 
As D{x, x)x — 2x, it is enough to prove this if (x | y) = 0. If [x \ y) = 0, we have 
then, using ((Oi)) and ((2T4)) . 

D{x, x)y — (x I x)y — {x x y) x x 

— 3y — detx {x x y) x x'^ 

= 3y — detx (detx y + (x'^ : y)x) = 2?/, 

as |detx|^ = 1 and, by ((Oi)) . detx (x# : y) = {y \ x) =0. □ 

Proposition 12.61 shows that a maximal flat subspace has dimension 3. From 
Proposition 12. 8i we see that ei, 62, 63 belong to and are therefore minimal 
tripotents. From the definition 

Z?(ei, ei)z = z + {z \ ei)ei — ei x (ei x z) 
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and from the relations ()2.7p . it is easily checked that 

yo(ei) = Ce2©Ce3©J^i, (2.35) 

X^i(ei) =^2®^3, (2.36) 

V2{ei) = Cei. (2.37) 



Similar results hold for the Peirce decomposition with respect to 62 and 63. As 62 
and 63 belong to Vb(ei), they are orthogonal to ei; also, 62 is orthogonal to 63. 
So (ei, 62, 63) is a frame for the Jordan triple system H^^O) and Mei © Re2 ® Me3 
is a maximal flat subspace. It is also easily checked that the simultaneous Peirce 
decomposition with respect to the frame (61,62,63) is 

^^3(0)= V,,, 

l<i<j<3 

with Vii = Cej, Vi,j = Tk- 

Theorem 2.12 (Freudenthal's theorem). Let x G HslO). Then there exists 
k e AutiJ3(0) such that 

kx = aiei + a2e2 + ctscs (ai, 02, 03 £ R). 

Actually, H^{0) is a positive Jordan triple system; then for each x there exists 
an automorphism k such that kx belongs to the maximal flat subspace Kei ©R62 © 
R63. The theorem may also be proved directly in this special case, following the 
lines of the general theory. 

Theorem 2.13. The Hermitian Jordan triple system H^(0) is simple and of 
tube type. Its numerical invariants are 

a = 8, 6 = 0, r = 3, g = 18. 

To show that i?3(0) is simple, it is enough to find a frame such that all Vij 
(1 < i < j < 3) are non-zero; this occurs with the frame (61, 62, 63). We then have 
a = dim = 8, b = dim Vbi = 0, g = 2 + a(r - 1) = 18. 

Corollary 2.14. In the Jordan triple system H:i{0), we have 

TTDix,y)^18ix\y), (2.38) 

Det B{x,y) = {l-{x\y) + {x* \y*)- det x det y) , (2.39) 

where Tr and Det denote the trace and determinant of C-linear operators in H^iO). 

2.5. The exceptional Jordan triple system of dimension 16. We con- 
sider the subsystem of II-s{0) 

Vi{ei)=J^2®J^3, 

which is then a positive Hermitian Jordan triple system of dimension 16. Let us 
denote the space ^1(61) by W. For a; = i^2(a;2) + F3{x3) e W, we have, according 
to ([231), 

X* = -n{x2)e2 - n{x3)e'i + Fi{x2Xz) e Vb(6i) 

and det a; = 0. The structure of Jordan triple system in W is defined, for x = 
F2{x2) + Fsixa), y = F2(y2) + F^iys), by 

Q{x)y = {x\y)x~x* xy 
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= {{x2 I 2/2) + (2:3 I ys)) X - n{x2)F2{y^) - n{x3)F3{Tfy) 
- F3{(x^xi)y^) - F2(jfy{xixi)) 

= F2 {{X2 I y2)x2 + {Xz I Vi)x2 ~ n{x2)V2 ~ {x2X3)yij 

+ F3 (^{x2 I ^2)2^3 + (2:3 I y3)a;3 - »^(a;3)y3 - y2(a;2a;3)) ■ 
Using identities in Cay ley algebras, we get 

Q{x)y = F2 {x2V2X2 + (2:2^3)53) + F3 {xi(y^X3) + X3lfyx^ . (2.40) 
The triple product in W is then given by 

{xyz] = F2 [{X2y2)z2 + (2:2l72)2;2 + (2;2y3)^3 + {z2W)x3j 

+ F3 {xi{yiz3) + Z2{yix3) + 2:3(^^23) + Z3(y32;3)) • (2.41) 

Proposition 2.15. The generic minimal polynomial ofW is 

mwiT;x,y)^T^ ~{x\y)T+{x* \ y*). 

For x,y € W, the subspace J2T 'Cx'^^'^^ is contained in Cx + Cx"^ x y; the flat 
subspace generated by x: 

00 



is contained in the subspace generated by {x^x"^ x a;). 

Proof. Let x,y eW; then, by (|2.23p and det a; = 0, we have 

2,(2:j/) _ ^D{x, y)x — (x I y)x — x'^ x y, 

\F>{x,y) {x* -xy) = (x* \ y*)x. 
This shows YlT Ca;^'^'^-' C Cx + Ca;'^ x y. Moreover, these relations imply 

a;(3^2') = (a; | 2/)2;(2'2') - {x* \ y*)x, 

which shows that the generic minimal polynomial to(T, x, y) = m^r{T; x, y) divides 
T^ — {x I y)T+{x'^ I y^)- To prove equality, it will be enough to prove that the rank 
of is 2, that is, to find x & W such that x and x'^ xx are K- linearly independent. 
For this, take x = F2{b), with 6 G O; then x'^ — —n(b)e2 and x"^ xx = n{b)F2(b). 
So it suffices to choose b £ O such that n{b) — 1 and b,b linearly independent. This 
proves m(T, x, y) — T"^ — {x \ y)T + {x'^ \ y"^). □ 

A tripotent in W is also a tripotent in y = _ff3(0); as det a; = for each x G W , 
£3 n = 0, the set of tripotents of W is £' = E'^iJ 8[\J £'2 with = £, n W. 
Also, two orthogonal tripotents x,y d W are orthogonal in V and hence verify 
(x I y) = 0; it follows that elements of S[ are minimal tripotents and elements of 
£2 are maximal tripotents. 

Minimal tripotents F2 {/3) + F3 (7) are characterized by 

n(/3) = n(7) = 0, /?7 = 0, (/3 | /?) + (7 | 7) = 1. (2.42) 
An example of minimal tripotent is then given by u = i^2(/3), with /? satisfying 
(/3|/3) = 1, n(/?)=0; (2.43) 
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these relations are equivalent to 

/? = 6i+i62, 61,62 eOc, n(6i) = n(62) = i (61 : 62) = 0. (2.44) 
Lemma 2.16. Let P e O such that (/? | /3) = 1 and n{f3) = 0. Then for each 

xeO, 

X = pg3x) + ]3{(3x). (2.45) 

If L{(3) denotes the left multiplication by (3 in O; L{j3)x — j3x, the following direct 
sum decomposition holds: 

O = kerL(/3) ® kerL(;5); (2.46) 

moreover, 

kei L{f3) = ImLiP) 

and 

dime ker L(/3) = 4. 
Proof. Polarizing the identity n{y)x = y{yx) in O, we obtain 
{y ■ z)x = y{zx) + z{yx) 

and (|2.45p follows hy y ^ 13, z <— p. Let xi ~ f3{f3x) and X2 — P{l3x)- then 
xi e kerL(/3) and X2 £ kerL(/3). If a; e kerL(/3) n kerL(^), it follows from f^M^ 
that X = 0; this proves ()2.46|) . 

Clearly ImL(/3) C kerL(/3), by /3(/3a;) = n{P)x = 0. Assume px = 0; by 
(|2^ . we have a; = /3(^a;), that is a; G ImL(/3). So kerL(/3) = ImL(/3). 

As X I— > a; is a (real) automorphism of O, the spaces ker L{P) and ker L(/3) have 
the same real dimension, hence also the same complex dimension. This implies 
dimckerL(/3) = 4. □ 

We are now able to compute the Peirce decomposition with respect to the 
minimal tripotent u — F2 (/3) . 

Lemma 2.17. Let /3 e O such that (/? | /3) = 1 and n(/3) = 0. The spaces of the 
Peirce decomposition of W with respect to u ^ F2 (/3) are 

Woiu) = Cu® F3(kerL(^)), (2.47) 

Tyi(w) = F2((/3,^)^)©F3(kerL (/?)), (2.48) 

W2{u) = Cu. (2.49) 

Here {p,p)^ stands for the orthogonal subspace of O, with respect to the 
Hermitian product ( | ) , of the 2-dimcnsional subspace C/3 ® C/3. Note that the 
conditions on /3 mean that /?) is orthonormal. 

Proof. For x = F2{x2) + -F3(a;3), we have 

Z?(u, u)x = {u I u)x + (x I ii)ii — (u X a;) X M 

= i^2(x2) + ^^3(2:3) + {X2 I /3)i^2(/3) 

- (F2(/3) X F2(a:2)) x F2(^) - (F2(/3) x F3(a;3)) x F2{P) 

= F2{X2) + i^3(a;3) + {X2 I /3)i^2(/3) + (X2 : /3)F2(^) - F3(^(/3x3)); 
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finally 

D{u, u)x = F2 {X2 + ix2 I I3)f3 - : + F^ix^ - MPx^)) 
- F2 {x2 + ix2 I /3)/3 ~ (X2 : P)l3) + F^iMl^xs)). 

From these two expressions of D(u, u)x, it is easily seen that 

• D{u, u)x — Q li X2 € C-P and Px^ = 0; 

• D{u, u)x — x \i {x2 I (3) = {x2 I /3) = and I3x^ = 0; 

• -D(u, u)x = 2x if X2 G C/3 and 0:3 = 0. 

This provides the diagonalization of D{u, u) with the indicated eigenspaces. □ 

It follows easily from Lemma 12.171 that v = i^2(/3) is a minimal tripotent, 
orthogonal to u. The eigenspaces of D{v,v) are obtained from Lemma [2. 171 with 
j3 <— f3. By comparing the two Peirce decompositions, we obtain 

Proposition 2.18. The spaces of the simultaneous Peirce decomposition with 
respect to the frame {u,v) — (i^2(/5), -F2(/3)) o.'re 

Woi = F3(kerL(/3)), W02 = ^^3(kerL (^)), (2.50) 

Wi2^F2{0,]3)''), Wii^CF2iP), 14^22 =CF2(/3). (2.51) 

Proposition 2.19. The triple system W is simple. Its numerical invariants 
are a^6, b = A, r = 2, g = 12. In W, 

TTD{x,y) = 12ix I y), 

Det B{x, y) = {l-{x\y) + {x* \ y*)) . 

The set of tripotents of W is £' — £qU £iU £2, with £q — {0}, 

£[^ {xe W; {x\x) = 1, x* = 0}, (2.52) 

£2 = {xe W; {x\x) = 2, {x* I X*) = 1} . (2.53) 

Proof. The tripotents of W have already been described. From the previous 
proposition, we see that dimVl^i2 — 6 for the frame (^F2{f3), F2{(3)) . This implies 
that W is simple, as it is positive as a subsystem of the positive Hermitian JTS 
7/3(0). The numerical invariants arc r = 2, a = dimWi2 = 6, b = dimWoi = 4, 
5 = 2 + a(r- 1) +6= 12. □ 

As an example of maximal tripotent of W, we have w = u + v = F2{l3 + (3) = 
^2(0), with c G Oc and n(c) = 1. The Peirce spaces for w are W2(w) = J-2, 
Wi{w) — Tz. 

The simple positive JTS W is called the exceptional JTS of dimension 16. 

Let us look at the Jordan structure of the Peirce subspaces with respect to the 
minimal tripotent u. The subspace Wq{u) has rank 1 and is isomorphic to /i,5. 
Consider 

W' = Wi{u) - F2((/3,^)^) ® F3(kerL(/3)). 

Let 7 e (/3,^)^such that 71(7) = and (717) = 1. Then u' = ^2(7) and 
v' = ^2(7) are two orthogonal tripotents in W and form a frame for W. The spaces 
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of the total Peirce decomposition of W with respect to this frame are obtained from 
the corresponding spaces in W by intersection with W' , which gives 

W^i = F3(kerL(/3) nkerL(7)), = F3(ker L n ker L(7)), 

Wi^ = F2((/3, ^7,7)"'), W[, = Ci^2(7), W^22 = CF2{j). 

Clearly dim — 4, which implies that W' is simple; then dim Wqi = dim Wq2 = 
2. 

The only simple positive Hermitian Jordan triple system with rank 2, dimension 
10 and a = 4 is 11^. This proves 

Proposition 2.20. The Peirce subspace Wi{u) of the exceptional JTS of type 
V with respect to a minimal tripotent u is of type 11^ . 

Exercise 2.1. Prove this proposition directly. 

Exercise 2.2. Consider v' = -^3(7) with 7 subject to the same conditions as 

/3: 

(7 I 7) = 1, n(7) = 0. 
Then v' is another minimal tripotent. 

(1) Show that v' is orthogonal to u = F2{(3) if and only if j3j = 0. 

(2) Compute the simultaneous Peirce decomposition with respect to the frame 

{F2{f3),F3(]3))- 

Exercise 2.3. Let /3 e O such that (/3 | /3) = 1 and = 0. 

(1) Compute the Peirce decomposition of the JTS of type VI -ff3(0) with 
respect to the minimal tripotent u — F2{(3). 

(2) Find a minimal tripotent / such that (^F2{f3), F2{(3), f) is a frame of 

Exercise 2.4. Find a Jordan triple subsystem W of i/3(0), isomorphic to 
W, containing ei and 62- Compute the Peirce decomposition of W' with respect 

to (61,62). 

3. The exceptional symmetric domains 

3.1. Description of exceptional symmetric domains. We apply the gen- 
eral results of As in the previous section, we denote by O the algebra of 
complex octonions, by V — i/3(0) the exceptional Jordan system with the Jordan 
triple structure defined by Definition ^ by W = J^2 ® ^3 the subsystem of dimen- 
sion 16 studied in Subsection l2.5l Recall that these two complex Jordan triples are 
Hermitian positive and simple, with respective generic minimal polynomials 

mv{T,x,y) = T^ -{x \ y)T^ + {x* \ y*)T - detx<lety, (3.1) 

mw{T, X, y)^T^~ {x \ y)T + {x* \ y*). (3.2) 

For a Hermitian positive Jordan triple of rank r and generic minimal polynomial 
m{T,x,y), the associated circled bounded symmetric domain is defined by the r 
inequalities 



fk+i{x,x) = -^m{T;x,x) 



>0 (fc==0, ...,r-l). (3.3) 

T=l 
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It follows that the symmetric domain fl = ilv associated to V (called the 
exceptional symmetric domain of dimension 27, or the symmetric domain of type 
VI) is the set of points in Hs{0) which satisfy 

fi{x,x) EE 1 - (.X I a;) + {x* \ x*) - \deix\^ > 0, (3.4) 

f2{x, x)=3-2{x\x) + [x* I x*) > 0, (3.5) 

f3{x,x)=3~ix\x)>0, (3.6) 

while the symmetric domain fi' — flyy associated to W (called the exceptional 
symmetric domain of dimension 16, or the symmetric domain of type V) is the set 
of points in W — ® ^3 which satisfy 

gi{x, x) = l-{x\x) + {x* \ X*) > 0, (3.7) 

g2ix,x) = 2-{x\x)>0. (3.8) 

3.2. Structure of the boundary. 

3.2.1. General results. The inequalities p.3p are equivalent to the fact that all 
roots of the polynomial m{T;x,x) in T (which are always positive) are less than 
1. The boundary of the symmetric domain is the disjoint union of locally closed 
submanifolds dk^, which correspond to the case where 1 is a root of m(T; x, x) 
with multiplicity k and the remaining roots are less than 1. We first recall general 
results, valid for each simple Hermitian positive JTS and the associated irreducible 
bounded symmetric domain (see for example [5], §§5-6). Then we apply these 
results to the case of the two exceptional symmetric domains. 

The description of the boundary (Proposition l3.3|) also involves the manifold of 
tripotents of the corresponding JTS, which is described in Proposition 13.21 below. 
The description of their tangent space needs a refinement of the Peirce decomposi- 
tion V = V2(e) © Vi{e) © Vo(e) associated to a tripotent e. 

Proposition 3.1. For a tripotent e in a Hermitian positive Jordan triple sys- 
tem V, the operator Q(e) is zero on Vi(e) © Vb(e) and restricts to a C-antilinear 
involution on V2(e). 

Denoting by V^{e), V^{e) the eigenspaces of Q{e) for the eigenvalues -1-1, —1: 

V2+{e) = {xeV\Q{e)x^x}, 

K,"(e) = {xeV\ Q{e)x = ~x} , 

we have V2'{e) — iV2^{e) and V2(e) = V^{e) © V^{e). In any simple Hermitian 
positive Jordan triple system, one then has (see [5], Theorem 5.6): 

Proposition 3.2. The set £k of tripotents of rank k is a compact connected 
submanifold, and the group K of automorphisms of the Jordan triple system acts 
transitively on E^. For e £k, the direction of the tangent space to £k o,t e is 

TX^iV+{e)®Vi{e). 

The complex tangent space He£k to £k at e has direction 

IlA^Viie). 

The manifold £k is a Cauchy-Riemann manifold of CR type (s, t) and real dimension 
2s + 1, with 

s = dime ^i(e), t = dimR ^3^(6) = dime V2(e). 
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Proposition 3.3. Let V be a simple Hermitian positive JTS of rank r and 
let 17 be the associated irreducible symmetric domain. The boundary dQ of the 
symmetric domain Q — fly of type VI is the disjoint union 

r 

dn = \_\dkn 
fe=i 

of locally closed manifolds 

= {xeV\ fj{x,x) =0 (1 < J < fc), fm{x,x) > (m > fc)} , 

where the fj 's are defined by i3.3\) . The "boundary part" Sfcil contains the manifold 
£k of rank k tripotents in V . Each dk+i^ is contained in \ dk^. 

For e G £k, the normal direction at e to dk^ is V^{e) and the direction Te{dk^) 
of the tangent space Te{dk^) is 

Teidk^l) =iV+{e) © Viie) ® Vb(e). 

The intersection of with the affine tangent space e + Te{dk^) is 

dk^ n (e + Teidk^)^ = dkn n (e + Vo{e)) = e + r!(e), 

where fl{e) is the symmetric domain associated to the Jordan triple subsystem Vb(e). 
The direction of the tangent space to is constant along e + f2(e). 
The boundary part dk^ is the disjoint union 

dkVl^ y (e + r!(e)). 

Let 

Pk : dk^ £k 

be defined by pk{x) — e if e ^ £k and x — e E Vo(e). Then {dk^l, £k,Pk) is a locally 
trivial fiber bundle, isomorphic to {Xk,£k,<lk), where 

Xk^{{e,y)€£kxV\yEn{e)] 

and Qk is the first projection. The boundary part is compact and equal to the 
manifold £r of maximal tripotents. 

The boundary part dr^l = £r is actually the Shilov boundary of fJ, that is, the 
smallest set of points where the functions that are holomorphic on the domain and 
continuous up to the boundary take their maximum modulus values. 

The (affine) submanifold e + U,{e) is called affine component of dO. (through 
the minimal tripotent e). It can be shown that e + r2(e) is the maximal afhne 
subset of dVL containing e, which justifies its name. The decomposition (j3.9p will 
be referred to as the stratification of the boundary. The submanifolds 9^57 are called 
the boundary parts (or strata) of the boundary dVL. Clearly, one has 9if2 = 9f2; 
the submanifold 9il7 has real codimension 1 and is referred to as the smooth part 
of the boundary. 



(3.9) 
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3.2.2. The boundary of the exceptional domain of type VI. Using Propositions 
13.21 13.31 and the results about tripotents from the previous section, we work out the 
details for the exceptional Jordan triple system 7-^3(0). 

Proposition 3.4. Let V = -ff3(0) be the exceptional Jordan triple system of 
type VI . Then 

1. The manifold £1 of minimal tripotents is 

£i = {eeV\ {e, e, e} = 2e, (e | e) = 1} 

= {eeV \e* = 0, (e I e) = 1} . 

For e G £1, we have V2(e) — Ce, dimcVi(e) = 16. The manifold £1 has real 
dimension 33 and is a Cauchy-Riemann manifold of CR type (16, 1). 

2. The manifold £2 of rank 2 tripotents is defined by 

£2^{eeV\ {e, e, e} = 2e, (e | e) = 2} 

= {e e y I det e = 0, {e* \ e*) = 1, (e | e) = 2} . 

For e € £2, we have dimV2(e) = 10 and dimVi(e) = 16. The manifold £2 has real 
dimension 42 and is a Cauchy-Riemann manifold of CR type (16, 10). 

3. The manifold £3 of maximal tripotents is defined by 

£3^{eeV\{e,e,e} = 2e, (e | e) = 3} 

= {e e y I |dete|' = 1, {e* \ e*) = 3, (e | e) = 3} . 

The manifold £3 is totally real of real dimension 27. 

Proof. The characterization of the manifolds £k has been obtained in Propo- 
sition [2?8l To study the spaces Vi{e) and V2(e), we use the fact that the group K 
of automorphisms of the Jordan triple system acts transitively on each £k and that 
u{Vj{e)) = Vj{ue) for u G K. 

1. Consider the minimal tripotent e — ei. Then 

yi(ei) =^2©^3, y2(ei) = Cei, 

which yields for all e G £1, V2(e) — Ce, dime ^i(e) — 16. 

2. Consider the tripotent of rank 2: e = ei + 62. As ei and 62 are orthogonal 
tripotents, we have 

D{e,e) ^ D{ei,ei) + D(e2,e2). 

From 

Vo{ei) = Ce2 ©Cea © J^i, 
yi(ei) =^2®^3, V2(ei) = Cei 
and the analogous statement for Vj{e2), we deduce 

Vo{e) = Ce3, Vi(e)=^i©^2, 
V2{e) = Cei ® Ce2 © J^3. 

Hence we have dimV2(e) = 10 and dimVi(e) = 16 for all e E £2- 

3. Consider the maximal tripotent e = ei + 62 + 63. Then V2(e) = V , Vo(e) = 
V\{e) = 0. The tangent space direction to £3 at e is V2 {e) and is totally real of real 
dimension 27. □ 
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We now work out the specific information for the application of Proposition [331 
to the exceptional symmetric domain of dimension 27. 

Proposition 3.5. 1. The smooth boundary part diVl is a locally closed sub- 
manifold of real codimension 1, defined by 

fi{x,x) = l-{x\x) + {x* \ X*) - |detx|^ = 0, 

f2{x,x) =i-2{x\x) + {x* I X*) > 0, 

f3{x,x) = 3 - (x I a;) > 0. 

It contains the manifold 

fi = {eei/3(0);(e|e) = l, e* ^ 0} 

of minimal tripotents of H3{0). For e G £i, the normal direction at e to difl is e 

> 

and the direction T^ldi^l) of the tangent space Ti^{diri) is 

Tjdjl) = iRe © Vi{e) ® Vo{e). 

The Peirce subspaces Vi(e) and Vo(e) have respective complex dimensions 16 and 
10. The Jordan triple subsystem Vo(e) is isomorphic to the classical Hermitian JTS 
of type IVio and the domain J7(e) C Vo(e) is isomorphic to a Lie ball of dimension 
10. 

2. The boundary part is a locally closed, Cauchy-Riemann submanifold of 
dimension AA and CR type (17, 10), ■ it contains the manifold 

£•2 = {e I (e I e) = 2, {e* \ e*) = 1, det e = O} 

of rank 2 tripotents in i?3(0). For e G £2, the normal direction V^{e) to 82^ at e 

> 

has real dimension 10; the direction Te{d2^) of the tangent space Te{d2^) is 

Tjd^) = ^V+{e) ® Fi(e) © K)(e), 

where the Peirce subspaces Vi(e) and Vb(e) have respective complex dimensions 16 

> 

and 1. The intersection of 82^ with the affine tangent space e + Te(92^^) is 
82^1 n (e + fjjm)^ = 82^1 n (e + Vo{e)) = e + J7(e), 

where f2(e) is the unit disc of the one dimensional Jordan triple subsystem Vo(e). 

3. The submanifold 8^0, — £3 is compact and totally real (of real dimension 

27). 

Proof. 1. Consider the minimal tripotent e = ei. Then 

F2(ei) = Cei, Vi{ei)^ T2®Ts, K,(ei) = Cea © Ce3 © J^i. 

In the Jordan triple subsystem Vo(ei), a frame is given by (62,63); the spaces of 
the Peirce decomposition of T = Vo(6i) with respect to this frame are 

72(62) = Ce2, 12(63) = C63, Ti(62) n ri(63) = Ti, 
ri(62)nTo(63) = ro(62)nri(63) = 0. 

This shows that the Hermitian positive JTS is simple, with rank r = 2 and multi- 
plicities a = 8, & 0. The only possibility shown by the classification of Hermitian 
positive JTS is the type 1^10. The isomorphism of Vb(6i) with the standard JTS 
of type IViQ can also be checked directly (see Exercise l3.ip . 
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2. Consider the rank 2 tripotent e — ei + 62. Then 

Vo{e) = Ce3, Viie) ^ Ti (B V2(e) = Cei ® Cez ® J^3, 

dimV2(e) = 10 and dimVi(e) — 16. The submanifold has normal direction 
V^{e), hence codimension 10 and dimension 44; the complex tangent direction to 
82^^ at e is Vb(e) © Vi{e) — Cea © ^1 ® ^2 and has dimension 17, which means 
82^ has CR type (17, 10). The one-dimensional subsystem Vb(e) — Cea admits as 
tripotent 63, and we have f2(e) = Aca, where A is the unit disc of C. 

3. The equality 83^1 — 83 results from Proposition [33] and is also easily checked 
directly. The properties of £3 have been obtained in Proposition l3.4l □ 

Exercise 3.1. Compute the Jordan triple product in Vb(ei) and show that the 
JTS Vo(ei) is isomorphic to the Hermitian positive JTS of type IViq. 

Exercise 3.2. 1. For a minimal tripotent e — £1, compute explicitly the Peirce 
subspaces Vi(e) and Vo(e) and their Jordan triple structure. 
2. Compute the map 

Pi : 8ifl ^ £1 

defined by pi{x) = e if x (z £1 and x — e G Vo(e), using the operations in 7^3(0). 

Exercise 3.3. 1. For a rank 2 tripotent e = £2, compute explicitly the Peirce 
subspaces Vi{e) and Vo(e) and their Jordan triple structure. 
2. Compute the map 

P2 : ^2^^ —> £2 

defined by ^2(2^) = e if x £ £2 and x — e E Vo(e), using the operations in ^3(0). 

3.2.3. The boundary of the exceptional domain of type V. Along the same lines, 
we describe the manifolds of tripotents of the exceptional Jordan triple system of 
type V and the boundary of the associated symmetric domain. 

Proposition 3.6. Let W = Vi{ei) = T2 ® T3 c i?3(0) be the exceptional 
Jordan triple system of type V . Then 

1. The manifold £[ of minimal tripotents is defined by 

£[ = {eeW\ {e, e, e} = 2e, (e | e) = 1} 

^ {eeW \e* = 0, (e I e) = 1} . 

For e E £[, we have W2{e) = <Ce, dimcWi(e) = 10. The manifold £[ has real 
dimension 21 and is a Cauchy-Riemann manifold of CR type (10, 1). 

2. The manifold £'2 of maximal tripotents is defined by 

£'2 = {e&W\{e,e,e} = 2e, (e | e) = 2} 

^{eEW\{e*\ e*) = 1, (e | e) = 2} . 

For e E £'2, we have dim W2(e) = 8 and dimWi(e) = 8. The manifold £'2 has real 
dimension 24 and is a Cauchy-Riemann manifold of CR type (8,8). 

Proof. The description of £[ and £'2 has been given in Proposition l2.19l 

1. From Lemma r2.17[ we can take as minimal tripotent u = F2{f3), where /3 G O 

such that {f3 \ f3) = 1 and n{/3) = 0. The spaces of the Peirce decomposition of W 

with respect to u are 

Woiu)^Cu® F3 (ker L(P)), 
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W^i(w) = F2((/3,^)^) ©F3(kerL(/3)), 

W2{u) = Cu. 

From Lemma |2.16[ we know that 

dime ker — dimckerL(/3) = 4, 

which yields dim Wo(w) = 5 and dim Wi(w) = 10. 

2. We can choose as maximal tripotent w — u + v = F2{P + P) =^2(0), with 
c e Oc and n{c) = 1. The Peirce spaces for w are W2{w) = T2, Wi{w) = Tz\ both 
have complex dimension 8. □ 

Proposition 3.7. The boundary dfl' of the exceptional symmetric domain 
f2' — flw of type V is the disjoint union 

dfl' ^din'Ud2n' (3.10) 

of the locally closed manifold diVl' and of the compact manifold 82^' ■ 

1. The smooth boundary part difl' is a locally closed submanifold of real codi- 
mension 1; it contains the manifold 

S[^{xG W; {x \x)^l, X* ^0}. 

of minimal tripotents of W — T2® Tj,. For e E £[, the normal direction at e to 

diQ' is e; the direction Te{diQ') of the tangent space Te{diQ') is 

Teidin') = iMe © Wi{e) © Wo(e), 

where the Peirce subspaces Wi{e) and Wo{e) have respective complex dimensions 
10 and 5. The affine component e + fl'{e) is the unit Hermitian ball with center e 
in e + Wo(e). 

2. The submanifold 82^' = £'2 is a compact, Cauchy-Riemann submanifold of 
CR type (16,8) and real dimension 24. 

Proof. 1. Consider the minimal tripotent u — F2{l3), where /3 S O such that 
(/3 1 /3) = 1 and n{f3) = 0. From Lemma [2. 171 we know that the spaces of the Peirce 
decomposition of W with respect to u are 

Wo (w) = Cu © (ker L(P)), 

Wi{u) = F2{{p,P)^)®F3(keiLif3)), 
W2iu) = Cu. 

This proves the statement about the tangent space and the dimensions of Peirce 
subspaces. 

Let w be a tripotent in Wo{u). Then v is orthogonal to u and (w, v) is a frame 
of W. This implies that v is maximal in Wo{u) and that the JTS Wo{u) is of rank 
1, so that il.{u) is a Hermitian ball in Wq{u). 

2. An element x E W belongs to 82^' if and only if 

gi{x, x) = 1 — {x \ x) + {x* I X*) — 0, 
g2{x, x) = 2 — {x \ x) ~ Q. 
These conditions are clearly equivalent to 
{x\x) = 2, [x* I x*) = 1, 
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which is precisely the characterization of elements of £'2. So d2^' — £'2, which also 
results from the general theory. The structure of £[ has been given in Proposition 

□ 

Exercise 3.4. 1. For a minimal tripotent e = F2[(3) + -^3(7) e £[, compute 
explicitly the Peirce subspaces Wi(e) and Wo(e) and their Jordan triple structure. 

2. Compute explicitly the map 

p'l -.diVL' ^ £[ 

defined by p'i{x) = e ii x ^ £[ and x — e £ Wo(e). 

3. Identify the type of the Hermitian positive JTS Wi(e), where e is a minimal 
tripotent of W . 

Exercise 3.5. For a maximal tripotent e = ^2(/3) + ^3(7) G £'21 compute 
explicitly the Peirce subspaces W2{e) and Wi{e) and their Jordan triple structure. 

3.3. Compactification of exceptional symmetric domains. In this sec- 
tion, we work out the canonical projective realization of the compact dual of the 
two exceptional domains (see [5], [7]). 

3.3.1. The Freudenthal manifold. Consider the exceptional Jordan triple V — 
113(0) of type VI. The generic norm of V is 

Nvix, y) = x,y) — \ ~ {x \ y) + (x"^ \ y*) — det x dety. 

To this generic norm, we associate the map 

j :V (C©F©F©C) 
x 1-^ [l,x, x*, det x] , 

where [. . .] denotes the class in the projective space. 

Definition 8. The Freudenthal manifold is the submanifold of P{C®V®V®C) 
defined by 

M = {[X, X, y,fi] \X,fieC, x,y e V, y* = i^x, x* = Ay, (x : y) = 3A^}. 

Note that this definition makes sense, for the defining equations y"^ = /ix, 
x"^ = Ay and [x : y) = 3A/i are homogeneous of degree 2. As [x^y^ = xdeta; 
and [x : x'^) = 3 det a; for a; € we have jiy) C M.. The map j is clearly an 
immersion. 

X 

Let [A, x, y, /i] G and assume A ^ 0. Let x' — — ; then 

A 

" A2 " A' 

det a; 1 [x* : x) I (y : x) n 
^^'(") = ^ = 3^^^3^=A' 

which shows that [A, x, y, /i] — j{x'). 

Proposition 3.8. The map j is an immersion of V onto an open dense subset 
of the Freudenthal manifold M . 
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3.3.2. Compactification of the IQ- dimensional exceptional domain. Consider 
the exceptional symmetric domain of dimension 16, realized as 

w = T2®T3 c y = i/3(0). 

The generic norm of W is 

Nw{x, y) = mw{l, x,y) = I - [x \ y) + [x* \ y*). 

One checks easily from the definition of that x ^ W implies x'^ G Vo(ei). Note 
that the Peirce decomposition of V with respect to ei has the eigenspaces 

1/2(61) = Cei, yi(ei) = 1^ = ^2®^3, 
Vb(ei) = Ce2®Ce3©J^i. 

Lemma 3.9. Let z ^ ei + x + y with x e W and y G Vb(ei). Then z* ^ Q if 
and only if y — — ei x x'^ . 

Proof, het z = ei + x + y, x = ^2(6) + F'i{c) eW,y = /ie2 + 1^63 + Fi{a) e 
Vo(ei). We have 

ef = 0, a;# = -n(6)e2 - n(c)e3 + F\{bc), 

y^ = {iiv — n{a)) ei, ei x x = 0, 

ei X y ^ fie3 + ve2 - Fi{a), 

xxy^ -nF2{h) - lyFs^c) + F>,{ab) + f^(ca) 

and 

z'^ = {ei + X + y)'^ = ef + a;^ + y* + ei xx + ei x y + x x y 
= -n{b)e2 - n{c)e3 + Fi{bc) + {^v - n{a)) ei 

+ /ie3 + ve2 - Fi{a) - ^iF2{b) - i^Faic) + Fsiab) + F2{ca) 
= {^v - n{a)) ei + [v - 62 + {ji - n(c)) 63 

+ ?\(6c) - i^i(a) + J^(ca) - iJLF2{b) + %{ab) - i^F3(c). 
Then z"^ = implies 

/i = n[c), V = a — be, (3.11) 

that is, 

y = n(c)e2 + n{b)e3 + Fi{bc), 
which is equivalent to 
y = — ei X x^. 

Conversely, if y = — ei x x'^, the relations (|3.1ip are satisfied and imply 

n(a) = n{bc) ~ n{b)n(c) — pLV, 

ca — {bc)c = lib, ab — b{bc) — vc, 

which shows that z"^ — Q. □ 

With the help of the previous lemma, we are now able to describe a compactifi- 
cation of W , isomorphic to the canonical compactification associated to the generic 
norm Nw- 



34 



GUY ROOS 



Proposition 3.10. Let V = HsiO) and W = T2®J^3- Define j : W ^ F{V) 

by 

j{x) = [ei+x - ei X X*] {x G W). 
Then j is a biholom.orphism. of W onto an open dense subset of the manifold 

r = {[z]e v{v) I z# = 0} . 

Indeed, j is an immersion and maps W biholomorphically onto 

j{W) = {[z]eV\{z -.61)^0}. 

The manifold P is the image in F(V) of the cone {z'^ = 0} of rank one elements 
in V. 
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